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INTRODUCTION 
A positive linear operator T satisfying the identity 
T(S - (x - Tx)~) = (Tx)~ (4 
is familiar from the theory of probability as conditional expectation relative 
to a sub-o-field of the original measure space. In that context T is idempotent 
and averaging, i.e., T(x * Ty) = TX * Ty). Such averaging operators have 
been investigated and characterized on a number of spaces, see for example 
[l], [2]. The operator identity (A) first appeared in 0. Reynolds’ calculation 
of average stress due to turbulent flow [3]. There the smoothing operator 
was defined. For an ergodic flow limr,, ET = E exists and is averaging. 
Reynolds assumed on physical grounds that ET satisfied (approximately) 
identity(A), hence the nomenclature Reynolds operator and Reynolds identity. 
More recent motivation for the study of the Reynolds identity is to be found 
in its relation to the Navier-Stokes equation [4], ergodic and martingale 
theory [5], and Baxter’s functional equation [6]. In this note several conditions 
are established in order that a Reynolds operator be idempotent over a Banach 
algebra. Use is made of an identity due to Rota to establish the invariance 
of range idempotents. This leads naturally to idempotency when the range 
algebra is suitably generated by its idempotents such as is the case for weak 
operator closed B*-algebras (of bounded operators on some Hilbert space). 
The results are directly derived for C(S), S totally disconnected compact 
1 The results in this note are taken from the author’s doctoral dissertation submitted 
to the Massachusetts Institute of Technology, June 1965. We express sincere apprecia- 
tion to Professor Gian-Carlo Rota for his efficacious suggestions and generous en- 
couragement. 
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HausdorfI (rather than carried over via spectral representation). In the absence 
of idempotents we make use of the Singer-Wermer theorem to establish 
similar results for C(S) and C,(S - co). The condition for a Reynolds 
operator to be a projection over a group algebra leads to a variant of Kelley’s 
result on positive idempotent averaging operators in which idempotency 
is weakened to the Reynolds property while the assumption on the range 
must be strengthened. The final result gives necessary and sufficient con- 
ditions that a one-to-one Reynolds operator be the resolvent of a semigroup 
of homomorphisms. Since an idempotent Reynolds operator is averaging and 
an averaging operator leaving the identity of the domain algebra invariant 
is a Reynolds operator, the results may be regarded (in certain cases) as 
information about averaging operators. A thorough bibliography on Reynolds 
operators may be found in [7]. 
SOME ALGEBRAIC CONSEQUENCIS OF THE REYNOLDS IDENTITY 
A slight generalization of identity (A) is convenient. By the Reynolds 
identity for the operator T will be meant the expression 
T(u - TV + v * Tu) = Tu - TV + T(Tu * TV). R.I. 
This identity, equivalent to (A) for commutative algebras extends the defini- 
tion to the noncommutative case as well as to an operator on a linear space V 
into a subspace A C V such that V * A is defined (for example 
T : L, +L, n L,). Let B be an algebra over the real or complex field. The 
following are immediate from R.I. 
(1) mg (T) C B is a subalgebra 
(2) If u, e, E B are invariant under T, then 
T(u * v) = u - v 
T(u - w) = u - Tw UJEB 
(3) If B has an identity e and e E rng (T), then 
Te = e 
(4) If Tu = 4 then 
T(u - Tw) =4 WEB. 
These will be used without further reference. The following two lemmas are 
less immediate. 
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LBMMA 1. Let x2 = 4 imply x = +, x E B. Then Tnf = + implies T2f = +. 
PROOF. It may be assumed that n >, 3. Setting u = T”-lf, w = Tn-2f 
in (4) yields T( T+lf )” = 4. It follows from R.I. that 
2T( Tn-2f. Tn-lf) = ( Tn-lf)2. 
On the other hand, with u = Tn-k!, v = T”-3f in R.I., it is seen that 
T(Tne2f * Tn-‘f) = $, hence (T+lf)2 = 4 = Tn-lf. 
LEMMA 2. Let B be a topological algebra. Then idempoterzts in mg (T) 
are invariant. 
PROOF. First an identity due to Rota [7], is established. For n > 1 
nT(g * ( Tg)n-l) = (Tg)n + (n - 1) T(Tg)n. 
For n = 1, the identity is trivial; for n = 2 it is just R.I.; for n > 3 the result 
is established by induction; assuming the identity 
let 
(n - 1) T(g * ( Tg)+2) = (Tg)n-l + (n - 2) T( Tg>n-l 
f = (n - 1) g(Tg)ne2 - (n - 2) (Tg)+l. 
Then Tf = (Tg)n-l and substitution into R.I. leads to the result. Now let 
TX = j, j2 = j. Then by what was just proved 
T(x*j)=i+rG).Tj n>2. 
Letting n --f oo, the continuity of scalar multiplication gives 
T(x *j) = 7. 
On the other hand, direct substitution of x = u = v in R.I., together with 
the preceding yields T(x *j) = j. 
IDEMPOTENT REYNOLDS OPERATORS 
It will be assumed that the Reynolds operator T commutes with involution 
(whenever the algebra B is symmetric). The first result deals with the non- 
commutative case. 
THEOREM 1. Suppose g, a B* algebra, has its isometric *-representation 
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as an algebra of continuous operators on a Hilbert space. Let Ton .9? be continuous 
with respect to the weak (strong) operator topology and rng (T) closed in the 
weak operator topology. Then T is idempotent. 
PROOF. This follows from Lemma 2 and the fact that a B* algebra (of 
operators on a Hilbert space) closed in the weak operator topology is gener- 
ated by its idempotents. The parenthetical condition ‘strong’ stems from the 
equality of the weak and strong closure of the convex set rgn (2’). 
While it is true that rng (T) in the preceding is closed in the uniform 
topology (this being stronger than the weak operator topology) it cannot be 
concluded that T is bounded, for rng (I-T) need not be closed. Theorem 1 
is valid for the particular case of a commutative B*-algebra with identity, 
that is C(S) where S is the spectrum of the algebra. The topological condi- 
tions may then be rephrased via the spectral representation. The following 
result is easily established directly. 
THEOREM 2. Let T be continuous on C(S), S compact Hausd@. For 
f E C’(S), 11 f j/ = 1, let j, E B(S) denote the pointwise limit idempotent of the 
sequence {f m>. Let J be the set qf all such idempotents for f E rng (T). Then if 
J C rng (T), T is a projection. 
PROOF. a(X), XC S will denote the algebra generated by X. In view of - -- 
Lemma 2 it suffices to show that a(/) = rng (T). This may be done by 
showing that the two algebras a(/), rng (T) have the same sets of constancy 
and invoking a generalization of the Stone-Weierstrass theorem. If A C S 
is a constancy set for rng (T) then it is such a set for J. Conversely let A C S 
be a constancy set for J. 
(a) Suppose j E J is such that j(A) = 1. If f E C’(S) n rng (T) separates 
on A, say f (pr) ff (pa), p, , p, E A, then it is readily seen that jh with 
(f-f (2%) *A” 
h =j - Ilf -f(P2) *i II2 
is a separating idempotent on A, a contradiction. Hence A is a constancy 
set for rng (T). 
(b) Suppose J(A) = 0. First note that Te is an identity relative to J, for 
from 
T(e * Tj + j . Te) = Te * Tj + T(Te * Tj) 
it follows from Lemma 2 that 
j + T( j - Te) =j * Te -t T( j * Te) 
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and so j =j * Te. It is readily seen that 11 Te 11 = 1 and hence in particular 
Now 
he =i~~ - Te and support h-J = U support (i) 
ieJ 
and 
f =f 'jTe +f * k -jTe) 
Tf = T(f *he) i- T(f * (e -id) = T.f *he + T(f * (e -iTd 
by 2. Also 
Equating the two expressions for Tf yields 
rng (T) 3 T(f* (e -jTd = Tf * (e -,iTd. 
But Tf * (e - jTe) is supported on the complement of supports of j E J, 
therefore Tf * (e - jTe) = 0 and Tf(A) = 0. Hence A is a set of constancy 
(a zero set) for rng (T). 
What has actually been proved in the preceding theorem is that 
rng (T) N C(H), H totally disconnected compact HausdorK Stated as a 
direct corollary of Lemma 2; 
COROLLARY. Let T be a continuous Reynolds operator on a commutative 
Banach algebra and rng (T) N C(S), S totally disconnected compact Hausdorfl. 
Then T2 = T. 
PROOF. C(S) is generated by its idempotents if and only if S is totally 
disconnected. 
For the particular case in which T is one-to-one, the conditions on S in the 
preceding corollary can be considerably weakened as will be seen later in this 
note. 
THEOREM 3. Let T be a continuous Reynolds operator on L,(G), G a LCA 
group and suppose T commutes with translations. Then T is a projection. 
PROOF. Since T commutes with translations $ = g * f for some g E C(e). 
Taking Fourier transforms in R.I., this yields 
g2M2 = API2 
n 
Since L,(G) is a separating algebra, g is an idempotent, hence 
T$f=g2.f=g.f= 6, 
and the result follows by uniqueness of the transform. 
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COROLLARY. If (? is connected, T = I. 
It is a corollary of a result due to Kelley [l] that T is actually convolution 
with the Haar measure of a compact subgroup of G. In the connected case 
this is just Dirac measure at the identity. 
Theorem 3 suggests the following extension of Lemma 1. 
LEMMA 3. With the hypothesis of Lemma I, let rng (T) be an ideal. Then 
Tpf = 4 implies Tf = $ and f E C#I : rng (T). Furthermore if - 1 is not an 
eigenvalue then N(T) (null space of T) is the annihilator ideal of rng (T), i.e., 
N(T)=#:rng(T). 
PROOF. Suppose TX = #J. Then T(x . Ty) = +, y E B. Set Th = x . Ty 
so that T2h = 4. Let w = h * Th. Then 
Tw = T(h . Th) = f ( Th)2 + 3 T(Th)2 
and T2u = 4. But w = h * Th = Tz, some z E B. Therefore T% = $. By 
Lemma 2, T% = + = TW = & (Th)2. It follows that Th = 4 = x - Ty and 
x E $ : rng (T). In particular if 4 = T*f = T( Tf), then Tf E #J : rng (T) so 
Tf = 4. Conversely, if f E $I : rng (T) then f * Tf = 6, and the concluding part 
of the lemma follows from the identity 
2T(f. Tf) = (Tf)2 + T(Tf)2. 
COROLLARY. If B is an integral domain and rng (T) is an ideal then T is 
one-to-one. 
ONE-TO-ONE REYNOLDS OPERATORS 
In what follows 9 will denote a commutative semi-simple B*-algebra, 
that is C(S) or C,,(S - co), S compact Hausdorff. A simple algebraic com- 
putation verifies the fact that D 3 I - T-l is a derivation and conversely 
if h E p(D) then T,, = X(M - D)-l is a one-to-one Reynolds operator. The 
fact needed about derivations is the Singer-Wermer theorem [8]. A proof 
adequate for the algebras under consideration follows. 
THEOREM (Singer-Wermer). If D is a bounded derivation on 99 into %? 
then D = $. 
PROOF. Let /If I/ = 1, and 0 # h E p(D). Since Dx” = nP-l Dx it follows 
that I f(p) I = 1 implies Df(p) = 0. For the Reynolds operator 
T, = X(hl - D)-1, XT,g - DT,g = Xg, g E g and for ]I T,g 1) = 1, it is 
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then true that 1 T&p) 1 = 1 implies 1 g(p) 1 = 1, hence Th is a contraction and 
where d(h, a(D)) is the distance between h and the spectrum of D. Let 
( U(D) 1 < 01 and C(r, UJ) = (z I 1 z - w j < r}. The preceding inequality 
shows that 
U(D) C C(OL, 0) n n Int’ (C(h, hea)) = (0) 
o< 8< 2s 
where Int’ denotes the complement of the interior. Zero is the only point in 
a(D) and the resolvent expansion 
(AI - D)-1 = ; g 
converges for all A, / h 1 > 0. Since 
T,=~(~-D)-‘=~+I+~+ a.- is bounded as h-0 
we conclude that D = 4. 
COROLLARY. If T on ~23 is bounded and onto then T = I. 
PROOF. T is one-to-one; since if Tf = #, then T% = cj where 
f = Tg = Taw, and by Lemma 1, 4 = T2w = f. Therefore D = I - T-l 
is a bounded derivation on 2’. 
Let Q be a commutative semi-simple extension of a commutative Banach 
algebra B. Singer and Wermer showed that a necessary condition for the 
existence of a bounded nonzero derivation on B into Q is the existence of a 
bounded nonzero functional d, on B associated with a bounded multiplicative 
linear functional m on B, satisfying 
4df * d = dm(f) - &9 + 4f > * 4nk) f, g E B. 
If B = C(S) or C,(S - co) it is known that such a functional does not exist, 
for let I, C B be the maximal ideal associated with m. Then 
4n(f ‘d = %f,g E4n and in particular 4n(L2) = 0, 
where I,,,2 is the set of linear combinations of squares of elements of I,,, . 
Also d&J # 0 for otherwise d, = Am for some A and the defining equation 
becomes 
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hence hm( f * g) = 0 and h = 0 or m(f . g) = 0 (which implies m = 6, for B). 
In either case d,,, = 4. Hence d,,(I,) # 0 but I,’ = 1, for the algebras B 
under consideration. It is concluded that there are no bounded derivations on a 
semi-simple B*-algebra J%‘, into a semi-simple commutative extension. 
COROLLARY. Let T be a bounded one-to-one Reynolds operator on a com- 
mutative semi-simple Banach algebra with rng (T) N S?. Then T = I. 
THEOREM 4. Let T be bounded on SY with rng (T) a closed ideal and - 1 
not an eigenvalue. Then T2 = T. 
PROOF. From Lemma 3 it follows that N(T) = null space of T is a closed 
ideal, hence @/N(T) is a semi-simple commutative Banach algebra. Define 
p on 3/N(T) by 
T(f f N(T)} = (Tf + N(T)}. 
It is a simple verification that T is a one-to-one Reynolds operator. Since by 
Lemma 3 the supports of .a E N(T) and Tf E rng (T) are disjoint 
III Tf + N(T) III = ,&$, II Tf + .Z II = id m=(II Tf II , II z II) = II Tf II , L ZEN(T) 
and so rng (p) is a closed semi-simple B*-algebra. By the preceding corollary 
F = 1, that is (f + N(T)) = { Tf + N(T)}, therefore Tf -f E N(T) and 
TY= Tf. 
This result should be compared to Kelley’s [l] characterization of positive, 
idempotent averaging operators on C&S - 00). 
Closure of rng (T) is essential in the preceding theorem, for while bounded 
derivations on 9 are trivial, closed unbounded derivations are available. It 
is easy to verify that the infinitesimal generator of a strongly continuous 
semi-group of homomorphisms is a derivation and conversely if D is the 
infinitesimal generator of a strongly continuous semi-group {HA} then the 
HA are homomorphisms. In this terminology the Singer-Wermer theorem 
may be restated to the effect that the only uniformly continuous semi-group 
of homomorphisms on 9Y is the identity. For the case of a strongly continuous 
semi-group of homomorphisms, {HA] on 99, it follows that 
R, f = W(WI - D)-l = w r e-UA HA f dA, real part (w) > 0, f ES? 
0 
defines a family of one-to-one Reynolds operators, analytic in the right half 
plane. For real w, R, is a positive contraction but this is not quite sufficient 
for the converse. Necessary and sufficient conditions are given in 
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THEOREM 5. Let px denote a point at which /I X 11 = 1 X(px) 1 , x ~99, 
and X+ = max {X, 0). A necessary and su$icient condition that a one-to-one 
Reynolds operator T have the representation 
e-A HAf dh f E rng (T), 
(HA a strongly continuous semi-group of homomorphisms) is, 
II X+ II < T-lX+(p,+), X E rng (T), x+*0. 
PROOF. The stated condition is equivalent to 
II X+ II2 - I X+(PX+) I * T-lX+(px+) < 0 
which is 
[(I - T-l) X, X+] < 0 where [y, OJ] = I/ w /I *y&,,). 
This is exactly the necessary and sufficient condition that D = I - T-l 
generate a strongly continuous semi-group of positive contractions [8]. Since 
homomorphisms on 9l are necessarily positive contractions (Hf (s) = f (p)(s)), 
H # 4, p continuous on the structure space), the remarks indicating the 
relation between derivations and semi-groups of homomorphisms show this 
is equivalent to the conclusion of the theorem. 
The preceding theorem was first established by direct computation in the 
author’s thesis written under G. C. Rota, in ignorance of Phillips’ results on 
dissipative operators [8]. Recent incisive results on the representation of 
Reynolds operators have been obtained by J. B. Miller (to appear shortly). 
They may be pertinent to a conjecture of G. C. Rota, that closure of rng (T) 
(in some reasonable topology) is sufficient for idempotency. 
RBFBBBNCES 
1. J. L. KELLEY. Averaging operators on C&Y). Ill. J. Math. 2 (1958), 214-223. 
2. S. T. C. MOY. Characterizations of conditional expectations as a transformation 
on function spaces. Puc$k /. Math. 4 (1954), 47-63. 
3. 0. REYNOLDS. On the dynamical theory of incompressible viscous fluids and the 
determination of the criterion. Phil. Trans. Roy. Sot. Ser. A 186 (1895), 123-164. 
4. M. L. DUBFUEL.-JACOTIN. Sur le passage des equations de Navier-Stokes aux 
equations des Reynolds. Compt. Rend. Acad. Sci. 244 (1957), 2887-2890. 
5. G. C. ROTA. Une thkorie unifike des martingales et des moyennes ergodiques. 
Compt. Rend. Acud. Sci. 252 (1961), 2064-2066. 
6. F. V. ATKINSON. Some aspects of Baxter’s functional equation. J. Math. Anal. 
Appl. 7 (1963), I-30. 
144 BILLIK 
7. G. C. ROTA. Reynolds operators. Proc. Symp. Appl. Math. 26 (1964), 70-83. 
8. R. S. PHILLIPS. Semi-groups of positive contraction operators. Czech. Math. J. 
12 (1962), 294-312. 
9. J. B. MILLER. Mijbius transforms of Reynolds operators. 1. die r&e und an- 
gemndte Muthematik 218 (1965), 6-16. 
10. I. M. SINGER AND J. WERMER. Derivations on commutative normed algebras. 
Moth. Ann. 129 (1955), 260-264. 
